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A novel method for simulating turbulent ows called Stochas
Large Eddy Simulation (SCALES) is introduced. The theoreti

presented using results from a priori

VLES. Results from a priori

numbers in the range 3 10! Re

turbulence.

Introduction

The problem of simulating high Reynolds number
(Re) turbulent ows of engineering and scienti ¢ inter-
est would have essentially been solved with the advent
of Direct Numerical Simulation (DNS) techniques if
unlimited computing power, memory, and time could
be applied to each particular problem. Yet given the
current and near future computational resources that
exist and a reasonable limit on the amount of time an
engineer or scientist can wait for a result, the DNS
technique will not be useful for more than unit or
benchmark problems for the foreseeable futuré.? The
high computational cost for the DNS of three dimen-
sional turbulent ows results from the fact that they
have eddies of signi cant energy in a range of scales
from the characteristic length scale of the ow all
the way down to the Kolmogorov length scale. Be-
cause of the large disparity in scales that need to be
fully resolved, the actual cost of doing a three di-
mensional DNS scales aRe®™*. Fortunately, because
the eddies are localized in space and scale, there is
a possibility of \compressing" the problem. This lo-
calization can be exploited by locally compressing the
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testing of homogenious turbulence along with a
novel Coherency Diagram of a turbulent eld that physically
Simulation to di erent Large Eddy capturing methods, such a
testing show that given the same compression ratio the
SCALES method will result in a signi cantly lower level of su
needs to be modeled in comparison to LES. The feasiability of
considering numerical simulations of two dimensional ow a

relates Direct Numerical
s SCALES, CVS, LES and

bgrid scale dissipation that
SCALES is demonstrated by
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10° using an adaptive wavelet collocation method. It
is demonstrated in actual dynamic simulations that the comp
ve orders of magnitude, while computational complexity sc
signi cant improvement over the naive complexity estimate

ression scales like Rel=2 over
ales like Re. This represents a
of Re®=4 for two-dimensional

problem such that all the modes from the characteris-
tic length scale down to the Kolmogorov length scale
are still resolved. This can be achieved by applying a
recently developed dynamically adaptive wavelet collo-
cation method®® to the solution of the Navier{Stokes
equations. The wavelet collocation method employs
wavelet compression as an integral part of the solution
such that the solution is obtained with the minimum
number of grid points for a given accuracy. When
the threshold is chosen simply to satisfy numerical ac-
curacy (and subgrid scales are not modeled) we call
this method wavelet based direct numerical simula-
tion, or WDNS. It has been shown recently’ that in
WDNS simulations of two dimensional ows the com-
putational complexity scales like Re. The extension
to three dimensional turbulence is currently underway.
In this paper we propose a novel approach called the
Stochastic Coherent Adaptive Large Eddy Simulation
(SCALES) method. This method uses the dynamically
adaptive wavelet collocation method to simulate tur-
bulence with a signi cantly higher compression ratio
then WDNS and Coherent Vortex Simulation (CVS).
We will show that SCALES combines the advantages
of both CVS and LES such that the minimum number
of modes are resolved in the simulation, given the max-
imum acceptable simulation error. We will also show
that given the same compression ratio the SCALES
method produces a signi cantly lower level of subgrid
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Fig. 1 Wavelet Itering applied to DNS of forced

homogeneous turbulence (eld: Fas6) wavelet |-
tered at CVS compression (95.0%) using LI6
wavelets. DNS eld ( ). Filtered eld using
LI6 wavelets(CVS compression 95% ) : (—-—),
Residual eld: (- ), K 5% line: (----)

scale dissipation compared to LES. This is important
since subgrid scale dissipation must be modelled.

In this paper we rst discuss reduced order methods
for simulating turbulent ows. We will then briey
present the Coherent Vortex Method. Following this
we will present a priori results, using DNS of forced
homogeneous turbulence, to illustrate the important
characteristics of the wavelet thresholding Iter. A
novel Coherency Diagram of a turbulent eld is then
presented to physically relate DNS and WDNS to dif-
ferent large eddy capturing methods, such as CVS,
LES and VLES. The Stochastic Coherent Adaptive
Large Eddy Simulation (SCALES) method is then pre-
sented in the context of the Coherency Diagram. A
brief overview of the dynamically adaptive wavelet col-
location algorithm is then presented along with two
dimensional WDNS results for ow around a xed
cylinder for 3 100 Re 10°. These results are
shown to highlight this methods ability to dynamically
adapt the computational grid to resolve the energetic
structures in a turbulent ow.

Background

Since computing power, memory, and time are all
scarce resources, the problem of simulating turbu-
lence has become one of how to abstract or simplify
the complexity of the physics represented in the full
Navier{Stokes (NS) equations in such a way that the
important physics of the problem is approximated at
a lower cost. To do this, a portion of the modes of
the turbulent ow eld is approximated by a low or-
der model that is cheaper than the full NS calculation.
This model can then be used along with a numerical
simulation of the important modes of the problem that
cannot be well represented by the model. The decision
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Fig. 2 Normalized L; -error between SGS eld

and Gaussian PDFs with the same mean and vari-
ance.Wavelet lter applied to: velocity (
vorticity ( ). Fourier Iter (  ----).

),

of what part of the physics to model and what kind
of model to use must be based on what physical prop-
erties are considered important for the problem. It
should be noted that nothing is free, so any use of a
low order model will by de nition lose some informa-
tion about the original ow.

In an abstract sense, the rst question to address
when one is looking to develop a reduced order method
for simulating turbulent ows is to determine which
parts of the physical system will be approximated with
a low order model and which parts will be simulated
numerically. One choice is to use time averages: this
technique is used in Reynolds Averaged Navier{Stokes
(RANS) simulations.” Another option is to view the
turbulent ow as a set of ow structures moving in
a Lagrangian frame and then track their interactions
over time. This approach has been used in vortex sim-
ulation methods.® Yet another option is to simulate
the ow on an adapted grid that is coarser than the
grid necessary to represent the ow down to the Kol-
mogorov length scale. The goal of this type of method
is to resolve the energetic eddies that dominate the
ow physics. Any coarsening of the grid, either locally
or globally, implies that not all the modes or frequen-
cies of the original ow are resolved. These missing
modes have to be modeled somehow. In this class of
methods we will also include Galerki? methods that
approximate the problem on a reduced set of basis
functions. We will refer to this class of methods as
Eddy Capturing Methods.

Large Eddy Simulation

The dominant method in the class of Eddy Cap-
turing Methods is Large Eddy Simulation (LES). The
motivation behind LES is the recognition that the
large scales of the turbulence often dominate mixing,
heat transfer and other quantities of engineering in-
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Fig. 3 (a) Mean subgrid scale dissipation nor-

malized by the full eld mean viscous dissipation,
"= RSy S;i. Wavelet lter applied to: velocity
(—— ). Fourier Iter (  ----). (b) % dierence
in mean subgrid scale dissipation between wavelet
Itering and Fourier ltering.

terest, while the small scales are of interest only via
their e ect on the large scales. The incompressible
LES equations describing the evolution of the large
scale eddies in the ow eld are

@i _ ..
@x 0; Q)
@+ 7@Uin): }@+ @Ui + @, (2)
@t @x @x @x@x @x
where
i = uigy Ui U (3)

As aresult of the Itering process the unresolved quan-
tity  , commonly referred to as the Subgrid Scale
(SGS) stress, is introduced. Note that j; is a func-
tion of the un ltered eld u;. However, to realize the
benet of LES a low order model for the SGS stress,
which is based on the resolved quantities, is needed. In
practice j can be modeled either deterministically or
stochastically. Most current LES is done using purely
deterministic models1%12 The current research e orts
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Fig. 4 Coherency Diagram of turbulent eld

in LES involve nding improved SGS stress models for
ij -
The problem with LES is that it resolves the large
scale eddies (i.e. small wavenumbers) instead of the
actual coherent vortices. It has been shown that the
coherent vortices in a turbulent ow contain signi -
cant energy at all length scales from the characteristic
length scale of the domain down to the Kolmogorov
length scale’*{1® |n Ref. 17 a visual study of the phys-
ical structure of turbulence is presented. The authors
conclude that the vorticity tubes, which seem to be the
basic structure of three-dimensional homogeneous tur-
bulence, involve all the scales of the ow. Because
vortices are multi-scale, when a spectral cuto lter
is used with LES the small scale structure of the co-
herent energetic eddies are not resolved. Therefore the
small scale part of the vortices must be modeled. How-
ever, the hypothesis behind most LES subgrid stress
models is that the subgrid scales being modeled have
a generally universal charactert81°

Another problem with LES is that the computa-
tional grid is commonly de ned a priori based on
the physics and geometry of the problent? 2921 Yet
in ow problems of engineering and scienti c inter-
est the large scales of interest often change over the
domain of the problem and in time. As Pope states
in his recent book on turbulencé?® the ideal numerical
method for LES would include adaptive gridding to en-
sure automatically that the grid, and hence the lter,
are everywhere su ciently ne to resolve the energy-
containing motions. This implies that the Eddy Cap-
turing Method should be adaptive in time and space.

Coherent Vortex Simulation

A relatively new method in the class of Eddy Cap-
turing Methods is the Coherent Vortex Simulation®
(CVS) method. CVS is based on the observation that
an orthogonal wavelet Iter, when applied to a turbu-
lent vorticity eld, can decompose it into the resolved
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Fig. 5 Coherency Diagram of turbulent eld for
DNS, VLES and LES

eld that contains the coherent vortices, and the resid-
ual, or subgrid eld, which is purely incoherent and has
near Gaussian statistics. We de ne CVS compression
as the wavelet compression level where the incoherent
subgrid eld is most Gaussian. In theory, if the sub-
grid eld is purely incoherent Gaussian white noise,
the total SGS dissipation would be zero. Therefore
the SGS stress model for a CVS simulation could be
purely stochastic. The main problem with the CVS
method is that the wavelet compression that results in
a Gaussian subgrid eld can be di cult to determine
during an actual simulation. Even if it can be found in
a cost e ective manner, it is likely that the associated
adapted grid will be too ne to be cost e ective for
simulating high Re number ows.

In this work we show that a second generation bi-
orthogonal wavelet lter is able to accomplish this
coherent/incoherent decompaosition with both a veloc-
ity and a vorticity eld. The a priori results presented
in this work use second generation lifted interpolat-
ing wavelets? of order 6 that are also used in the
fully adaptive wavelet collocation method®® discussed
briey below. (Note we will refer to this family of
wavelets as LI6 wavelets)

Velocity decomposition is of particular interest in
studying di erent Eddy Capturing Methods because
it allows us to directly calculate the SGS dissipation
after applying the wavelet lter. Figure 1 shows the
energy spectra of an isotropic turbulence eld decom-
posed into coherent/incoherent parts. In Figure 2 we
present the L, -error (scaled by the standard devia-
tion) between the probability density function of the
subgrid scale eld and a Gaussian PDF with the same
mean and variance. Three dierent lter types are
compared. We can see from this gure that there ex-
ists a compression where thd; -error is minimized.
For vorticity Itering this minimum occurs at a com-
pression of 90%, whereas for velocity ltering this

SCALES

\Y/

Coherent

! Incoherent
QRRIRRRRKN :
R OSSO SSH Gaussian

2e206%0 %20 % a%%

—

Fig. 6 Coherency Diagram of turbulent eld for
WDNS, DNS, CVS and SCALES

Increasing Wave #

minimum occurs at a higher compression of 99.5%. In
contrast using a Fourier lter results in an error trace
that is concave downward.

As stated above, velocity wavelet ltering allows us
to directly calculate the SGS dissipation after applying
the wavelet Iter. Figure 3(a) shows the total subgrid
stress dissipation normalized by the DNS viscous stress
dissipation for the wavelet and Fourier Iter applied
to the velocity eld. Both Iters produce a total sub-
grid stress dissipation that increases with compression.
But with the wavelet lter the total subgrid stress
dissipation stays at relatively longer than with the
Fourier Iter. This di erence suggests one advantage
of using the wavelet Iter: for a given compression ra-
tio the subgrid stress dissipation is less than when a
Fourier lter is used. Thus, the subgrid scale should
have a smaller e ect when using wavelet lters. To
quantify this di erence, Fig. 3(b) shows the percent
di erence between the total subgrid scale dissipation
with the wavelet and the Fourier lters. We see that
the largest di erence is at 70% compression where the
wavelet Iter results in a SGS dissipation 70% lower
in comparison to using the Fourier cuto lter. In
the region of compression that is of more interest for
actual simulations we see that the di erence is still sig-
ni cant. At 95% compression the di erence using the
wavelet lter is still 50%. So in terms of maximizing
the compression while minimizing the mean SGS dissi-
pation we nd that 95% compression is optimal. This
can be considered a more direct way to de ne the CVS
compression since in CVS ultimately we are concerned
with minimizing the total SGS dissipation.

Coherency Diagram

A key part of this work has been to understand
dierent lter types and their e ect on the physical
interaction between the residual and Itered elds in
large eddy capturing methods such as LES and CVS.
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To do this, a Coherency Diagram of a turbulent eld
in terms of wave number and wavelet threshold has
been developed (see Fig. 4). In this gure a verti-
cal line can be thought of as dividing the eld into
resolved (below the cuto wave number) and residual
(above the cuto wave number) elds. This is of course
the result of explicitly applying a Fourier cuto lter

to the eld. It is also the result of representing the
eld on a reduced regular grid, thus implicitly lter-
ing the eld. Now the same eld can be separated by
applying a wavelet thresholding lter. In Fig. 4 this
is represented by drawing a horizontal line across the
square at a given wavelet Iter threshold of . As dis-
cussed earlier, there exists an such that the square
can be divided into coherent and incoherent parts (this
is the used in CVS). Now from this Coherency Dia-
gram it can be seen immediately that when the eld
is separated using a Fourier cuto Iter the resulting
subgrid contains both coherent and incoherent parts.

In Fig. 5 the vertical lines of separation on the Co-
herency Diagram for DNS, LES and VLES are shown.
Firstitis clear that in DNS there is no subgrid (by def-
inition) so the separation line is at the highest wave
number needed to capture the physics of the turbu-
lent eld down to the Kolmogorov scale. Then the
vertical line for LES is shown that divides the eld
at some Fourier cuto value, usually taken to be in
the the inertial range. At an even lower wave num-
ber we have the vertical separation line for Very Large
Eddy Simulation. Figure 7 shows the energy spectra
of a DNS of homogeneous/isotropic turbulence. This
turbulent eld was obtained from a 256° DNS sim-
ulation of forced homogeneous/isotropic turbulencé®
with Re = 168 and will hereafter be referred to as
F.s6. The energy spectra after a LES and a VLES
Fourier cuto lIter is applied are also shown.

gure

N
T

Energy Spectra
[N
o,

0 1

10 10 10°
K
Fig. 8 DNS eld (——— ), SCLES resolved eld
is same as DNS up to K:=16 as in LES. Coherent
part of subgrid eld: (Us ovs )° (—-—). Incoherent

(Us ovs )O (oo )-
Stochastic Coherent Large
Eddy Simulation

When developing Large Eddy Simulation (LES) sub-
grid stress models the assumption is usually made that
the ltering operation separates the large eddies from
the smaller eddies, and that the resulting residual sub-
grid eld is largely stochastic in nature. Another way
of saying this is that the coherent structures are be-
ing separated from the incoherent structures. Now in
terms of the regions of Coherency Diagram discussed
above (see Figs. 4 and 5) it is clear that the LES sub-
grid does contain coherent structures in an incoherent
background. In Fig. 8 we present the energy spec-
tra of a forced DNS turbulence eld and the coherent
(Us cvs )° and incoherent (U< s )° parts of the SGS
eld. To accomplish this decomposition of the LES
SGS eld we used a LI6 wavelet Iter. The wavelet
threshold that results in CVS compression of 95%
for this eld is used (see Fig. 1). It can be seen clearly
that there is signi cant energy in the coherent part of
the SGS.

In developing or evaluating a LES model one of
the quantities of particular interest is the SGS dis-
sipation. In Fig. 9 we present the probability density
function (PDF) of the SGS dissipation ( j; §ij ) for
the full SGS after the application of a Fourier cut-
o lter ( K¢ =16), along with the coherent SGS and
the incoherent SGS. The subgrid stress (j ) is decom-
posed into the contributions from the coherent and
the incoherent parts of j , using using Us cvs )9 and
(U< ovs ) while §ij is calculated from the resolved eld
in all three cases. Back-scatter (i.e. energy trans-
fer from the SGS to the resolved scales) on the PDF
plot is in the negative direction on the horizontal axis.
We emphasize that in SCLES the PDF of the full
and the coherent SGS dissipation are nearly identi-

part of subgrid eld:
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cal, even though the coherent SGS contains only 5%
of the modes of the original subgrid eld. In both cases
it can be seen that the mean of the PDF is positive.
This shows that there is both forward and back-scatter
but the net SGS dissipation is positive. The incoher-
ent SGS dissipation has a lower standard deviation and
is characterized by a PDF that is nearly symmetrical
around zero. As an indicator of the contribution to
the total SGS dissipation we calculate the mean nor-
malized by the total viscous dissipation (M/") and the
standard deviation (M/ ). The relative support of the
PDF is characterized by the standard deviation nor-
malized by the total viscous dissipation (=" ). These
statistics are shown in Fig. 9 and are summarized in
Table 1 for all the Eddy Capturing methods discussed
in this paper. The viscous dissipation is de ned as:
"= h2S; Sji. We can see that the mean of the co-
herent and total SGS dissipation are of the same order
while the mean of the incoherent SGS dissipation is an
order of magnitude less. This shows that the majority
of the SGS dissipation in LES is due to the coherent
structures in the SGS eld.

The idea of the SCLES methodology is to model
the e ect of the coherent and incoherent parts of the
SGS separately. It is proposed that the character of
the coherent SGS can be inferred from the coherent
resolved eld and that this information can be used to
model the coherent SGS. The incoherent SGS would
then be modeled using a stochastic model that would
introduce equal amounts of forward and back-scatter.
Currently, the physical relationships between the co-
herent structures in the resolved and unresolved elds
have not been quanti ed and are the subject of ongoing
research e orts. It is clear from this example (Fig. 9)
that the e ort to quantify these physical relationships
could bene t the LES community by providing the ba-

f
f
f

SCLES subgrid scale dissipation for homogeneous turb
(K¢ = 16) is used along with a velocity eld wavelet Iter using LI

LES (21266 resolved modesK . = 16.0)
Mean=" =0:761
=" =2:457
Mean= =0:310
SCLES, Coherent SGS(5%)
Mean=" =0:752
=" =2:481
Mean= =0:303
SCLES, Incoherent SGS(95%)

Mean=" = 0:00892
=" =0:663
Mean= =0:0135

ulence eld Fourier cuto
6 wavelets.

Fase . Iter

sis for more e ective coherent structure based subgrid
scale models.

The major hurdle to implementing this kind of
SCLES approach is the need to know the wavelet
threshold for CVS compression to nd Uscys at each
time step. The SCLES method also retains the two
major drawbacks of the classical LES method. First
there is too much coherency in the SGS eld and sec-
ond is it not temporally adaptive which limits its use in
the class of problems dominated by temporally chang-
ing physical characteristics. These drawbacks are ad-
dressed in the CVS approach but as discussed above
the computational cost of CVS is believed to be pro-
hibitive for high Reynolds number turbulent ows. In
the next section we will introduce the Stochastic Co-
herent Adaptive Large Eddy Simulation method that
attempts to combine the strengths of LES and CVS.

gure

Stochastic Coherent Adaptive Large
Eddy Simulation

We now propose a novel approach called the
Stochastic Coherent Adaptive Large Eddy Simulation
(SCALES) method which takes advantage of both the
CVS and LES methods. With the SCALES method
the threshold of the wavelet lter is chosen such
that the minimum number of modes is used to cal-
culate the ow to a speci ed precision. Only the most
dynamically important modes are retained, given the
resources available. Note that the threshold used in
SCALES could be substantially larger than in CVS,
giving a larger compression and making SCALES cost
e ective for simulating high Re number ows. Note,
however, that in SCALES (unlike CVS) some coherent
modes will be neglected and the subgrid scales will not
have purely Gaussian statistics. The relationship be-
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Fig. 10 SCALES subgrid scale dissipation for homogeneous tu

LI6 wavelets is used.

tween the SCALES methodology and other methods
is best presented in terms of the coherency diagram
of a turbulent eld. In Fig. 6 the horizontal lines of
separation on the coherency diagram for DNS, CVS
and SCALES are shown. The DNS lineisat =0
which is the same as no lter. The CVS line is where
the eld is divided with the coherent structures in the
resolved eld and the incoherent (Gaussian) residual
in the subgrid eld. The SCALES line is at a higher
implying that for SCALES the resolved eld is made
up of coherent structures but the residual subgrid eld
is made up of both coherent and incoherent parts.

In Fig. 10 we show the probability density func-
tion of the SGS dissipation ( j Sjj ) for the SGS eld
from a wavelet lter applied in the SCALES range to
the DNS eld Fys56. Also shown are the coherent and
incoherent SGS dissipation. By comparing the normal-
ized means of the SGS dissipation in the three cases
(along the right edge of Fig. 10 and summarized in Ta-
ble 1) we can see that the coherent SGS accounts for
the majority of the full SGS dissipation, even though
they make up a small percentage of the modes in the
full subgrid eld. So, as in SCLES, the SGS stress in
SCALES must be modeled by a combination of a deter-
ministic model for the coherent part of the SGS stress
and a stochastic SGS model for the incoherent part of
the SGS stress. What we have gained with SCALES
over SCLES is a method that is fully adaptive.

Wavelet Direct Numerical Simulation

To perform a DNS of a turbulent ow the grid
and the numerical method must resolve all the phys-
ical characteristics of the ow from the characteristic
length scale of the domain down to the Kolmogorov
length scale. It can be argued that any computation
done to capture modes that are below the Kolmogorov

SCALES (21267 resolved mode}
Mean=" = 0:552
=" =4:700

Mean= =0:118

SCALES, Coherent SGS(5%)
Mean=" = 0:549
=" =4:709

Mean= =0:117

SCALES, Incoherent SGS(95%)
Mean=" = 0:00321

=" =0:390
% Mean= =0:00823

rbulence eld

Fas6. Wavelet lter using

length scale is unnecessary. The dynamically adap-
tive wavelet collocation method, described in the next
section, allows the local error of a simulation to be
controlled within order This property is used to
perform WDNS calculations of turbulent ows. We
will present WDNS of two dimensional ows around a
cylinder. Figure 6 shows how WDNS relates to DNS,
CVS and SCALES. To sum up, WDNS employs an
adaptive wavelet method with a small threshold such
that there is wavelet compression of the resolved eld,
yet all the modes from the characteristic length scale
of the domain down to the Kolmogorov length scale
are still resolved.

table

Dynamically Adaptive Wavelet
Collocation Method

In this section we brie y describe a novel adaptive
wavelet computational technique®® 2324 | This tech-
nique is ideally suited to the simulation of turbulence
since wavelets adapt the numerical resolution natu-
rally to the localized turbulent structures that exist
at all wave numbers in fully developed turbulence.
Thus, the wavelet approach satis es Pope's criterion
for an ideal LES cited earlier. The wavelet collocation
method takes advantage of the fact that wavelets are
localized in both space and scale, and as a result, func-
tions with localized regions of sharp transition are well
compressed using wavelet decomposition. The adap-
tation is achieved by retaining only those wavelets,
whose coe cients are greater than ana priori given
threshold ( ). Thus, high resolution computations are
carried out only in those regions, where sharp transi-
tions occur. With this adaptation strategy, a solution
is obtained on a near optimal grid, i.e. far fewer grid
points are needed for wavelets than for conventional
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LES SCLES CVS SCALES

% Compression 99.8732% ( K= 16) 99.8732% 95.0% 99.8732%
% CVS Compression 95.0% 95.0% 95.0%
SGS dissipation
Mean/ " 0.761 0.761 0.0947 0.552

" 2.457 2.457 1.795 4.700
Mean/ 0.310 0.310 0.0527 0.118
Coherent SGS dissipation
Mean/ " 0.752 0.549

/" 2.481 4.709
Mean/ 0.303 0.117
Incoherent SGS dissipation
Mean/ " 0.00892 0.00321

/" 0.663 0.390
Mean/ 0.0135 0.00823

Table 1 Comparison of SGS dissipation for LES, CVS, SCLES and

nite-di erence, nite-element, or spectral methods.
By varying the threshold parameter this method
can be used to implement any of the wavelet based
methods discussed above, namely WDNS, CVS or
SCALES. The dynamically adaptive wavelet colloca-
tion algorithm has already been successfully applied to
the solution of thermoacoustic wave propagation prob-
lems®325 | combustion problems#, uid-structure in-
teraction problems?*, viscoelastic ows?%27, and the
compaction phenomenon in poro-viscoelastic matrix®

Let us brie y outline the main features of the numer-
ical method. Details can be found in Refs. 3{5. In the
wavelet collocation method there is a one-to-one cor-
respondence between grid points and wavelets, which
makes calculation of nonlinear terms simple and allows
the grid to adapt automatically and dynamically to the
solution by adding or removing wavelets. Very briey,
at each time step we take the wavelet transform of the
solution, remove all wavelets with coe cient magni-
tude less than a threshold , and then reconstruct the
solution. It can be shown that the L, error of this
approximation is bounded by . To account for the
evolution of the solution over one time step we add
the nearest neighbor wavelet coe cients in position
and scale. Since each wavelet corresponds to a single
grid point this procedure allows the grid to automat-
ically follow the evolution of the solution in position
and scale. We use second generation waveléts which
allow the order of the wavelet (and hence of the nu-
merical method) to be easily varied. The method has a
computational complexity O(N ), where N is the num-
ber of wavelets retained in the calculation {.e. those
wavelets with coe cients greater than  plus nearest
neighbors).

In summary, the dynamically adaptive wavelet col-
location method is an adaptive, variable order method
for solving partial di erential equation with localized
structures that change their location and scale in space
and time. Because the computational grid automat-
ically adapts to the solution (in position and scale),
we do not have to knowa priori where the regions of
high gradients or structures exist. In the results pre-

SCALES. ( "= 2 Sij Sij i )

sented in the next section the dynamically adaptive
wavelet collocation method has been combined with
the Brinkman penalization method?®:3° to de ne solid
structures in the domain and a new adaptive wavelet
collocation multilevel elliptic solver° to solve the Pois-
son equation for pressure at each time step.

Results
Computational Complexity

gure

We begin with a series of simulations of the im-
pulsively started ow through a tightly packed cylin-
der array over a large range of Reynolds numbers,
3 10' <Re < 10°. To model a large array of cylinders
(such as found in the tube bundle of a heat exchanger)
we consider one periodic cell where the ratio of cylin-
der separation to diameterP=D = 1:5. The Reynolds
number is de ned in the usual way asRe = UD=,
where U jUj is the imposed mean ow which is
at angle of 45 to the array. We ensure the bound-
ary layer is fully resolved by setting the smallest grid
spacing Xmin = Re 2=6, i.e. six points across the
boundary layer or Taylor scale = Re 2. Each sim-
ulation is performed until t = 1, by which time the
boundary layer is completely formed and trailing vor-
tices begin to appear. The goal of this investigation is
to determine how N (number of active grid points),
and overall complexity (N = t)scale with Reynolds
number. We will verify the claim that adaptive wavelet
techniques are well-suited to calculating intermittent
high Reynolds number ows.

Figure 11 shows the vorticity and adapted grid at
Re=3 10 The vorticity is very smooth, and shows
no sign of instability or Gibb's oscillation associated
with the discontinuity at the surface of the obstacle.
The grid is ne only in the thin boundary layer of
width Re 2 0:01. For an L -error of 10 *
we require only 93893 grid points, which corresponds
to a compression ratio of 25. In particular, there are
few points in the interior of the cylinder beyond the
skin-depth of thickness about 0.05. This result demon-
strates that our approach gives smooth vorticity and a
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(a)

Fig. 11 Two-dimensional periodic cylinder array at

sparse grid even at relatively large Reynolds numbers.

In Figure 12 the ability of the adaptive wavelet col-
location method to automatically concentrate the grid
in the areas where intermittent energetic structures
exist is shown. Since turbulence becomes increasingly
intermittent at high Reynolds numbers the adaptive
wavelet collocation method should become increas-
ingly e cient as Reynolds number increases. We now
check this claim by measuring howN (number of ac-
tive wavelets or grid points), compression ratio, time
step and overall computational complexity scale with
Reynolds number. Figure 12 (a) and (b) show that the
number of active grid points and the compression ratio
scale like / Re'™?, while 12 (d) shows that computa-
tional complexity scales likeRe. These results support
the original claim, since intermittency scales roughly
like . Note that the overall complexity of the wavelet
calculation increases much more slowly than the usual
naive scaling estimate ofRe®** for two-dimensional
turbulence based on the Kolmogorov scale, oRe3™?
based on . Furthermore, the scaling law is constant
over ve orders of magnitude. We might expect, how-
ever, that for Re > 10° (when the boundary layer itself
becomes turbulent) the scaling law may change. This
will be the subject of future investigation.

gure

Re = 3000

For our nal example we consider the impulsively
started ow around a cylinder at Re = 3000. This
example shows the accuracy of our method in calcu-
lating the singular start-up ow, and the sensitivity
of our adaptive wavelet collocation method to strong
gradients in the ow. Since we are only interested in
the initial ow, we use doubly-periodic boundary con-
ditions and a large domain of size [ 10;10] [ 10;10]
with a maximum resolution of 6144 (which corre-
sponds to =5:6). We maintain a CFL criterion of

Fixed cylinder at

0.6
0.4
0.2
+0.0e:00 = Of
-0.2
-0.4
-0.6

I -0.1e+02

Re =30000 at t =1. (a) Vorticity. (b) Adapted grid.

(b)

-06 -04 -02 02 04 06

>Xot

10 3.

We show a close-up of the vorticity in Fig. 13.
The vorticity eld is very similar to Koumoutsakos &
Leonard's®! equivalent gure 21, and shows ne vorti-
cal structure in the downstream boundary layer. The
computational grid (not shown) exhibits the same ne
adaptivity of the other cases, with few points in the
interior of the cylinder.

1, which gives a time step of about t =2

In gure 14 we compare our drag curve with the
short-time asymptotic result of Bar-Lev & Yang %2
and the vortex method result of Koumoutsakos &
Leonard3! The agreement is excellent, even dur-
ing the early t 2 drag singularity. The close
match between the curves is especially interesting since
the methods are entirely di erent: Koumoutsakos &
Leonard use a vortex method to resolve the vortic-
ity equation, while we use an adaptive high-order -
nite di erence technique to resolve the Navier{Stokes
equations in velocity{pressure form. In their paper,
Koumoutsakos & Leonard show that previous e orts
at simulating this ow were unable to capture the short
time singularity, or the plateau and peak shape be-
tweent=1to t=2.

It is interesting to compare the number of com-
putational elements used in the wavelet and vortex
methods. In our case these elements are wavelets, and
in Koumoutsakos & Leonard's case they are vortices.
At t = 3:0 we use 43 10" wavelets (corresponding
to a compression ratio of about 880 times), compared
with 3:8 10° vortices used in the vortex method
(i.e. almost 9 times fewer computational elements).
It therefore appears that the wavelet method is sig-
ni cantly more e cient (in terms of the number of
computational elements) than the vortex method. We
must remember, however, that the computational cost
could be higher per element for wavelets than for vor-
tices.
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Re

( Q)

y 0\0
Re

dt
Complexity

10°
Re

Fig. 12 Scaling for tightly packed cylinder array. (a) Numbe

(c) Time step. (d) Complexity compared with naive scaling ba

Re®* in two dimensions), and the Taylor scale
Conclusions

In this paper we have presented the theoretical basis
for a new method for simulating turbulent ows called
Stochastic Coherent Adaptive Large Eddy Simulation
(SCALES) that attempts to combine the strengths of
CVS and LES. The SCALES methodology uses the
idea of wavelet threshold Itering the turbulent eld
as in CVS®, but in SCALES the wavelet lter thresh-
old is increased so only the most energetic part of the
coherent vortices are simulated in the resolved eld.
We have shown in this work that with both LES I-
tering and SCALES ltering the residual SGS eld
contains both coherent and incoherent parts. Also we
have shown that the total subgrid stress dissipation in
both LES and SCALES is dominated by a small num-
ber of coherent modes in the SGS eld and that given
the same compression ratio the SCALES method will
result in a signi cantly lower level of subgrid scale dis-
sipation that needs to be modeled in comparison to
LES.

This paper introduces a novel Coherency Diagram
of a turbulent eld that is useful in understanding the
physical relationships between dierent Large Eddy
capturing methods. The Coherency Diagram is used to
present the physical relationships between Direct Nu-
merical Simulation, LES, and VLES, which use Fourier
Filtering and are non-adaptive, and WDNS, CVS and
SCALES, that use wavelet Itering and are fully adap-

(which gives

(b)

pll
3

10
Re

(d)

Re

r of active grid points. (b) Compression ratio.
sed on the Kolmogorov scale
(which gives Re®*? in two dimensions).

Re 34

tive.

This paper also presents an adaptive wavelet col-
location method that can be used to implement any
of the wavelet based methods discussed in this pa-
per, namely WDNS, CVS and SCALES. The method
combines Brinkman penalization (to de ne solid struc-
tures) with an adaptive wavelet collocation method (to
dynamically adapt the computational grid) to solve
the Navier{Stokes equations. This method also em-
ploys a new adaptive wavelet collocation multilevel
elliptic solver®° to solve the Poisson equation for pres-
sure at each time step. Two dimensional results of
WDNS have been presented that show that computa-
tional complexity scales like Re.
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Fig. 13 Vorticity eld around a two-dimensional Fig. 14 Drag curve for the impulsively started

xed cylinder at Re =3000, t =3:0. cylinder at  Re = 3000 compared to the short
time asymptotic result of Bar-Lev & Yang, 32 and
the vortex method results of Koumoutsakos &

Leonard. %!
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