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CVS and SCALES simulation of 3-D isotropic turbulence
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In this work coherent vortex simulation (CVS) and stochastic coherent adaptive large eddy simulation
(SCALES) simulations of decaying incompressible isotropic turbulence are compared to DNS and
large eddy simulation (LES) results. Current LES relies on, at best, a zonally adapted Þlter width to
reduce the computational cost of simulating complex turbulent ßows. While there is an improvement

the most energetic coherent structures in a turbulent ßow Þeld. This corresponds to a dynamically
adaptive local Þlter width. Unlike CVS, which we show is able to recover low order statistics with no
subgrid scale (SGS) stress model, the higher compression used in SCALES necessitates that the effect
of the unresolved SGS stresses must be modeled. These SGS stresses are approximated using a new
dynamic eddy viscosity model based on GermanoÕs classical dynamic procedure redeÞned in terms
of two wavelet thresholding Þlters.

Keywords

: Large Eddy Simulation; Stochastic Coherent Adaptive Large Eddy Simulation; Coherent Vortex Simu-
lation; Turbulence; Wavelets; Wavelet Filtering

1. Introduction

Turbulence is characterized by energetic eddies that are localized in space and scale, yet most
numerical methods for turbulent ßow simulations do not take advantage of this localization.
In this work we explore the possibility of making use of this localization by ÔcompressingÕ
the turbulence problem such that a simulation with a subset of the total modes captures the
dynamics of the most energetic eddies in the ßow. A recent method for simulating turbulence
called coherent vortex simulation (CVS), introduced by Fargeet al.[1], uses a wavelet Þlter to
dynamically resolve and ÔtrackÕ the energetic coherent eddies or vortices in a turbulent ßow. It
has been shown that the resulting subgrid scale (SGS) Þeld with CVS is near Gaussian white
noise [2, 3], which results in practically no SGS dissipation. Therefore, a CVS simulation with
no SGS model is shown to recover low-order and some high-order statistics [4]. It is important
to note that there is still signiÞcant energy transfer between the resolved and SGS modes
and vice versa, but the statistical average or net energy transfer is zero. If other higher order
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Figure 2. Energy spectra of turbulent velocity field F256: ( ), contained in wavelet levels. Level 1: ( ),
Level 2: ( ), Level 3: ( ), Level 4: ( ), Level 5: ( ), Level 6: ( )

number of wavelets with small coefficients. Intuitively, the coefficient dµ, j
l will be small unless

u(x) has variation on the scale of j in the immediate vicinity of wavelet ψ
µ, j
l (x).

Another important property of wavelet analysis used in this work is the ability of the wavelets
to de-noise signals. The wavelet de-noising procedure, also called wavelet-shrinkage, was
introduced by Donoho [25, 26] and is based on the orthogonal wavelet decompositions. It can
be described as follows: given a function that consists of a smooth function with superimposed
noise, one performs a forward wavelet transform and sets to zero ‘noisy’ wavelet coefficients
(i.e., those wavelet coefficients whose modulus squared is less than the noise variance σ 2),
otherwise the wavelet coefficient is kept. This procedure is known as hard thresholding.
Donoho [25] demonstrated that hard thresholding is optimal for de-noising signals in the
presence of Gaussian white noise. In the CVS method discussed in this work the ‘noise’ is
actually the SGS modes.

3. Dynamically adaptive wavelet collocation method

A key component in the implementation of the SCALES method is the development of a
DAWC [9–11, 27] solver. This solver is ideally suited to the simulation of turbulence since
wavelets adapt the numerical resolution naturally to the localized turbulent structures that
exist at all wave numbers in a fully developed turbulence. The wavelet collocation method
takes advantage of the fact that wavelets are localized in both space and scale, and as a
result, functions with localized regions of sharp transition are well compressed using wavelet
decomposition. The adaptation is achieved by retaining only those wavelets whose coefficients
satisfy the thresholding criteria of equation (5). Thus, high-resolution computations are carried
out only in those regions where sharp transitions occur. With this adaptation strategy, a solution
is obtained on a near optimal grid that ‘tracks’ the coherent vortices in the field, i.e., far fewer
grid points are needed for wavelets than for conventional finite-difference, finite-element
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or spectral methods [28]. By varying the threshold parameter� , this method can be used
to implement any of the wavelet-based methods discussed above, namely WDNS, CVS or
SCALES. The DAWC collocation algorithm has already been successfully applied to the
solution of thermo-acoustic wave propagation problems [27], combustion problems [9, 10],
ßuidÐstructure interaction problems [11], viscoelastic ßows [29, 30] and the compaction
phenomenon in a poro-viscoelastic matrix [31].

Let us brießy outline the main features of the numerical method. Details can be found
in Refs. [9, 10]. In the wavelet collocation method, there is a one-to-one correspondence
between grid points and wavelets. This makes the calculation of nonlinear terms simple and
allows the grid to adapt automatically to the solution at each time step by adding or removing
wavelets. Very brießy, at each time step we take the wavelet transform of the solution and
apply theglobal thresholding mask to remove wavelets, which do not satisfy the thresholding
criteria of equation (5) for all of the adaptation variables. To account for the evolution of the
solution over one time step, the computational grid needs to be extended to include grid points
associated with wavelets whose coefÞcients are, or can possibly become, signiÞcant during
the time integration step [32]. To do this we add grid points that are adjacent in both position
and scale to each signiÞcant wavelet coefÞcient. While the cost of this added adjacent zone is
signiÞcant at low compression ratios, it becomes much less so at higher compression ratios.
This diminishing cost of the adjacent zone with increased compression will be the case for any
numerical problem that has inherent local structures that dominate the Þeld being simulated.
Figure 3 shows the compression ratio vs. the wavelet Þlter threshold parameter� for a wavelet
collocation grid adapted to a DNS Þeld of isotropic turbulence (Re
 = 168) with and without
an adjacent zone. For thisa priori test, the coupled wavelet Þlter was applied on the basis of
the wavelet thresholding of the velocity components usingL� WTF norm. We can see clearly
that the added overhead of the adjacent zone becomes insigniÞcant for compression ratios over
98%. This is the case because in turbulent ßows, like the one considered, the ßow is dominated
by localized energetic coherent vortices. This trend will also hold for other common ßows such
as ßow Þelds involving vortices due to ßuidÐstructure interaction or shocks in compressible
ßow Þelds. Since each wavelet corresponds to a single grid point, this procedure allows the

Figure 3. Field compression vs. relative wavelet threshold parameter� , using velocity wavelet Þltering, without
adjacent zone (ÑÑ-) and with adjacent zone (- - - - - - - -) for ÞeldF256. It can be seen that as� increases, the loss in
compression due to the adjacent zone becomes less signiÞcant. The (absolute) dimensional scaling||ui ||WTF = || ui ||�
was used in the wavelet Þltering for thisa priori test.
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grid to automatically follow the evolution of the solution in position and scale. We use second-
generation wavelets [21], which allow the order of the wavelet (and hence of the numerical
method) to be varied easily. The method has a computational complexity O(N ), where N
is the number of wavelets retained in the calculation (i.e., the union of those wavelets with
coefficients greater than �|| fi ||WTF for all adaptation variables, plus nearest neighbors).

In summary, the DAWC method is an adaptive, variable-order method for solving partial
differential equations with localized structures that change their location and scale in space
and time. Because the computational grid automatically adapts to the solution (in position
and scale), we do not have to know a priori where the regions of high gradients or structures
exist. In related work the DAWC method has been combined with the Brinkman penalization
method [11, 33] to define solid structures in the domain for the simulation of complex geometry
flows.

4. SCALES implementation

The SCALES method is based on the premise that the most energetic coherent vortices (or
structures) of a turbulent flow dominate mixing, heat transfer and other quantities of engi-
neering interest, while the smaller incoherent background is of interest only because of how
it affects the energetic coherent vortices [2]. The SCALES equations for incompressible flow,
which describe the evolution of the most energetic coherent vortices in the flow field, can be
written as

∂ui
>�

∂xi
= 0, (7)
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>� u j
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where

τi j
>� = ui u j

>� Š ui
>� u j

>� (9)

and ui is the velocity field, ρ is density, ν is kinematic viscosity, p is pressure and ¯(·)>�

represents spatial filtering with a coupled wavelet thresholding filter. As a result of the filtering
process the unresolved quantity τi j

>� , commonly referred to as the subgrid scale (SGS) stress,
is introduced. Note that τi j

>� is a function of the unfiltered velocity field ui . In order to close
(7) and (8) and realize the benefits of SCALES, a low-order model for the SGS stress based
on the resolved quantities is needed. Also note that analogous to LES with non-uniform filter
width [34–36] there is a commutation error between wavelet filtering and derivative operators,
the effect of which is not considered in this paper. We note though that a significant number
of points below the thresholding level, �||ui ||WTF, are retained due to the adjacent zone and
reconstruction check procedures [9, 10, 37] in the regions of the energetic vortices, and these
result in a significant reduction of the commutation error.

4.1 SCALES SGS modeling

The standard Smagorinsky [5] eddy viscosity SGS stress model defines an eddy viscosity that
is proportional to the filter width and the characteristic filtered rate of strain. In the case of the
coupled nonlinear wavelet thresholding filter used in SCALES, the filter width is implicitly
defined by the non-dimensional wavelet threshold parameter �. Therefore in SCALES, � is
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used to properly scale the eddy viscosity:

νT = C��
2�α || S̄>� ||, (10)

where C� is non-dimensional model coefficient, � is the global characteristic length scale and

Si j
>�

=
1

2
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∂xi

)
(11)

is the strain rate of the resolved scales. Note that the model units do not depend on α simply
because � is non-dimensional. We will show in section 4.2 that appropriate scaling is obtained
with α = 2. The new linear eddy viscosity model is then used to define a model for the SGS
stress (9):

τ M
i j

>�

� Š 2νT Si j
>�

, (12)

where νT is the turbulent eddy viscosity.
In this work the global characteristic length scale � is introduced to obtain the proper

units for the eddy viscosity νT . In addition, the length scale is assumed to be independent
of the filter threshold parameter �. With these two assumptions, the exact definition of �

does not need to be specified, since the whole group C��
2�α is determined by the dynamic

procedure. �2 can be interpreted as an averaged characteristic length scale that is absorbed
into the dynamic procedure. Currently we are working on the extension of the model that uses
a local characteristic length scale �, interpreted as the local characteristic vortical length scale
implicitly defined by the wavelet thresholding filter.

The new Germano dynamic formulation for the model coefficient C� is thus based on the
wavelet filter threshold parameter �. For the dynamic procedure, the grid filter is defined as
(·)

>�
and the ‘test’ filter is defined as (·)

>2�
. The adjacent zone is excluded in both cases to

obtain the proper model scaling. The dynamic procedure is then based on the original SGS
stress equation (9) and an alternative SGS stress

Ti j
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= ui u j
>�>2�

Š ui
>�>2�

u j
>�>2�

, (13)

which would result from applying the wavelet thresholding test filter ((·)
>2�

) to (7)–(9). Note
that the wavelet filter is a projection operator and therefore by definition

(·)
>�C � (·)

>�A
>�B

, (14)

where �C = max(�A, �B). Filtering (9) at the test filter level and subtracting it from (13) results
in the modified Germano’s identity [6]:
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>�>2�

= ui
>�u j

>�>2�
Š ui

>�>2�
u j
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. (15)

Then, substituting the modeled SGS stresses at the two filter levels into (15) gives
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Following Lilly’s [8] notation we define Li j and Mi j as follows:
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>�u j
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>�>2�
u j
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, (17)
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where Li j is the wavelet-filtered analog of the Leonard stress. This results in an overdetermined
system of equations that can be used to find C��

2�2

C��
2�2 Mi j = Li j . (19)

Following Lilly’s [8] least square solution to this system, we obtain the following expression
for the local Smagorinsky model coefficient:

C��
2�2 =

Li j Mi j

Mi j Mi j
. (20)

With this model formulation C��
2�2 can be locally positive or negative, which allows for local

backscatter of energy to resolved scales. In practice it has been found that locally negative
values of C��

2�2 cause numerical instabilities in SCALES, as in LES, so we average over
homogeneous directions:

C��
2�2 =

� Li j Mi j 	
� Mi j Mi j 	

, (21)

where �·	 denotes volume averaging.

4.2 Model scaling

If we assume that, with an appropriate value for α, the eddy viscosity model (10)–(12) provides
the right dissipation it is easy to show

2C��
2�α = Š

〈
τi j Si j

>� 〉
〈
||S

>�
||Si j

>�
Si j

>� 〉 , (22)

where α is the scaling law and � is taken to be constant over the domain. The correct scaling
is determined from a priori testing, using the isotropic turbulence field F256. In figure 4 the
scaling of Š� τi j Si j

>�
	/�|| S

>�
||Si j

>�
Si j

>�
	 is shown over a range of � that corresponds to a field

compression over the range of 78.5–99.95%. The slope of the curve in log–log axis determines
the appropriate � scaling. As can be seen, the quantity �τi j Si j

>�
	/�|| S

>�
||Si j

>�
Si j

>�
	 scales

roughly as �2 for a wide range of compressions. However, some deviation from this scaling
is observed above 99.4% compression. Based on this a priori test of the scaling, the new
dynamic Smagorinsky-type eddy viscosity model (10) has been implemented. The results of
simulations with this new SGS model are presented in section 5 below.

5. Results

To validate the CVS and the SCALES methods, numerical simulations of decaying incom-
pressible isotropic turbulence are considered. For this work the incompressible Navier–Stokes
equations (7)–(9) are solved with the DAWC solver. Continuity (9) is enforced using a multi-
step pressure correction time integration method [38]. An adaptive wavelet collocation mul-
tilevel elliptic solver [37] is used in solving the Poisson equation for pressure at each time
step.

Results of decaying incompressible isotropic turbulence with initial Reλ = 72 are presented.
The simulations were initialized with a 1283 forced isotropic turbulence DNS field from a
de-aliased pseudo-spectral code. The DNS simulation was run using a resolution of 1283 and
had an initial eddy-turnover time of approximately 0.1. The spectral content of the initial DNS
field is fully resolved by doubling the non-adaptive field resolution to 2563 in the simulations.


